1 Relationship between the increase of favorable
outcomes proportion and the win ratio

Let X and Y be Bernoulli random variables representing outcomes in the treat-
ment and control groups, respectively. Here,
X =1 (favorable outcome) and X =0 (unfavorable outcome),

and likewise for Y.

Suppose there is a difference § in the probability of a favorable outcome for the
treatment group compared to the control group, formally defined by

d=Pr(X=1)—-Pr(Y =1).

We wish to understand how this difference ¢ relates to the following measures:

e The proportion in favor of the treatment, defined as

A=Pr(X >Y)—Pr(Y > X).

e The win ratio, given by
_ DX >Y)
- Pr(Y > X)’

where, for Bernoulli variables, X > Y means X =1 and Y = 0.

We now seek to establish the relationship between ¢ and the metrics A and V.

For two Bernoulli variables X,Y € {0,1}, the event X > Y happens exactly
when X =1 and Y = 0. Similarly, Y > X happens if Y =1 and X = 0. Thus,

Pr(X>Y)=Pr(X=1,Y =0) = px(1—py),

and
Pr(Y > X)=Pr(Y =1, X =0) = py(1 — px),

where
px =Pr(X =1) and py =Pr(Y =1).

Therefore, the proportion in favor of treatment is given by
A=px(1-py)—pr(l—px)=px —py =96
Thus, A and § are actually the same metric.

The win ratio is given by

From



Figure 1: Relationship between the win ratio and the proportion in favor of
treatment for different values of py (baseline probability of a favorable outcome).

we deduce that
px = py +90.

Substituting px in the expression for ¥, we obtain

by +)(1-py) _,,

U= L —
py (1 —py —9) py (1 —py —96)

An illustration of the relationship between ¢ and W is given in Figure 1.

Using the probability of a tie

Since Pr(X >Y) +Pr(Y > X) + Pr(Y = X) = 1, we have

Pr(X>Y) 2Pr(X>Y) 1-Pr(X=Y)+A

¥ = = =
Pr(Y > X) 2Pr(Y > X) 1-Pr(X=Y)-A
and thus . A o1
_ 1T PtieT & — = 1
\Ilil_ptie_A and A \Il—l—l(l Dtie)s
where

prie = Pr(X =Y).

2 Variance of the win ratio estimator

In this section, we first follow the developement presented in [BL16].



2.1 Asymtotic distribution of the win ratio

Let X and Y be the outcomes of two patients, one in the treatment, and one in
the control group, respectively.

We define the following kernel functions:
$1(X,Y) =lixeyy and ¢2(X,Y) = 1gyy xy
where A > B means that A wins over B.
The probabilities of the events X > Y and Y > X are given by:
7 = Elor(X,Y)], k=1,2.
We want to test the null hypothesis of no difference between the two treatments:
Hy:7m =T1o.

There are two statistics that can be used to test this hypothesis:

e The proportion in favor of treatment A with expected value A = 11 — 7».

e The win ratio ¥ with expected value ¥ = 71 /7.

Consider two samples X1,...X,, and Y7,...Y,, and N = m + n denotes the
total sample size.

An unbiased estimator for 7, can be obtained using the U-statistic:

m n

P = LZZ¢k(Xi7Y;), k=12

i=1 j=1

Inference regarding A and ¥ will be based on the joint distribution of 74 and
To.

The joint distribution of 7 = (71, 72) is asymptotically normal:

VN (7 = 7) ~ N(0,%),

o1 o
where 7 = (11,75) and ¥ = ('t U1
021 022

2.2 Distribution of the proportion in favor of treatment
and of win ratio

We have:
(71 — 72) ~ N (A, (011 + 022 — 2012)/N),

and (using the delta method):

IOg(’IA'l/f'Q) NN(IOg(\I/), (Tf2011 + 752022 -2 (’7’17’2)_10'12)/]\[).



2.3 Variance-covariance matrix

The covariance of two U-statistics is given by:

m m n

Cov (7, %) = Cov L DD on(Xi,Y5), % SN (X, Yy)

i=1 j=1 i'=1j5'=1

Expanding the covariance:

m n m
1

Cov(i, 71) = —3— SN TSN Cov(n (X, Y5), i(Xir, Vi)

i=1 j=1i'=1j'=1

We consider four different cases for the indices (i,7) and (¢/,7):

o Case 1: Same X, Same Y (i.e., i =4 and j = j')

We define the covariance between the two kernel functions as:
1= Cov(de (X1, Y1), ¢u(X1,Y1)).
Since we have mn total pairs, this case contributes:
mn &l

o Case 2: Same X, Different Y (i.e., i =i/, but j # j’)

This means we are comparing the same subject from Group 1 with two
different subjects from Group 2:

fél = COV(¢k(X1a }/1)7 ¢Z(X17Y1/))'

Since there are m choices for ¢ and n(n — 1) choices for j # j/, this case
contributes:
mn(n—1)&7.

o Case 3: Same Y, Different X (i.e., j = j/, but ¢ #14’)

Here, we compare two different subjects from Group 1 with the same
subject from Group 2:

o= Cov(gn (X1, Y1), di( X1, Y1)).

Since there are n choices for j and m(m — 1) choices for i # 4/, this case
contributes:
nm (m —1) &

o Case 4: Different X, Different Y (i.e., i # ¢’ and j # j') Since X7, X}
and Y7,Y] are independent, the covariance in this case is zero:

COV(QSk(Xl’ Yl)a d)l(Xile/)) =0.

Thus, this case does not contribute to the total covariance.



Summing all contributions, we get:

Cov(7g,71) = [mn{ﬂ+mn(n71) f(l)+mn(m—1) gﬂ

m2n?2
Approximating m — 1 & m and n — 1 =~ n for large samples:

Cov(in, ) ~ ——€ll + b + ~ e
For large sample, the ﬁfﬁ term is negligeable compared to the two others,
and can be ignored.
Finally, we get:

N n §
Okl = m10

The terms &5 and €5 can be simplified to:

o =Pr(X; =Y, X, = Y/
2 =Pr(X; =Y, X, <Y/
6 =Pr(X; =V, X1 <Y/

(
( 2
(
H=Pr(X; =Y, X =11
(
Pr(X;

7'1 2

i=Pr(X; <Y, X1 =Y,

12
01 —

) —
) —
) —
) —
) —
=Y, X] <Y))— 172

2.4 Estimation of the Variance-covariance matrix

The preceding probabilities can be estimated from the data:

m

st = Zastz,Y 9 =3 on(X0,Y))

i=1

P11 Z;n 551)(551) -1

= mnn—1) n
f22 _ i 5§2)(sz('2) -1) 22
10 mn(n — 1) 2
m (1) (2)
%g _ Zi Si S 77@17@2
mn(n — 1)
1
D L RGP
01 mn( 1) 1
n 4(2) 1(2)
2t (G 1)
ol mn(m — 1) 2
n 4(1),(2)
F12 Zj t 't Ay
T mn(m — 1)



2.5 Estimation of the variance under the null hypothesis

The same developement is made in [Don+16]. The formulas (5¢)-(5e) correspond
to the calculation of o11. However, the estimation of the variance components
(formulas (8a)-(8¢c)) use the estimate of the win probability 7 under the null
hypothesis (constrained estimator). Their estimator 0o of the win probability
is equal to (71 + 72)/2. When the estimated win ratio is far from the null
hypothesis, the confidence interval calculated with this estimator of the variance
do not have the correct coverage.

The R package WINS implements the estimator of the variance described in
[Don+16]

See [LR22] section 14.4.2 for more details on the use of the unconstrained
estimator.

2.6 Estimation of the variance according to Yu and Ganju

A straightforward estimation of the variance is given in [YG22] for power calcu-
lation:

. 1 4 (]. +ptie)
Var(log(V)) ~ 5o (1 —k)(1 - prie)

where pyje = 1 — 7 — 79 is the probability of ties and k is the proprtion of patient
allocated to one of the two groups.

This is equivalent to:

4(m+n)(2—711 — 72)
3mn(71 +T2)

Var(log(¥)) ~

This method has the advantage of being very simple. However, the variance
estimation seems to be larger!from those presented in [BL16] and [Don+16].

The PASS Sample Size Software from NCSS2and the R package WRestimates
implement both this method to estimate the variance.

3 Sample size

The variance estimators presented in [BL16] and [Don+16] are based on sample
data and are not useable for sample size calculation.

We use [YG22] to estimate the sample size:

- 02(21704 + 2175)2
IOgQ(qjtrue)

)

where

ITO DO: simulations
2See PASS documentation, Chapter 352, Tests for Two Groups using the Win-Ratio Com-
posite Endpoint.
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Figure 2: Total sample size for different values of ¥ (win ratio) and p;e (prob-
ability of tie). Calcutaion based on formula (2) in [YG22].

e WU, e refers to the assumed or true value of the win ratio.
e The term o2 is given by

0_2 _ 4(1 +ptic)
3k(1—E)(1— pic)

e k is the proportion of patients allocated to one of the two groups (it does
not matter which one, as we use k(1 — k) in the above formula).

e The probability of tie is given by ptie =1 — 71 — 7
The PASS Sample Size Software from NCSS and the R package WRestimates
implement both this method for power calculation.
Sample size calculation is given Figure 2.

After discussion with the team about the parameters used for the sample size
calculation, the power will be estimated based on simulations.

Another sample size formula is presented in [MKM22]. The latter requires more
hypotheses on the parmaters and is less straightforward to use.

A sample size formula for the win odds (which closely related to the win ratio)
has been presented in [Gas+21] and compared to the one of [YG22] in [GKK22].

4 Simulate a population with a given win ratio

Let mw, 7, and 7w be given probabilities satisfying my +7p +7r = 1. We wish
to define two probability distributions F' and G for random variables X ~ F
and Y ~ G, respectively, so that the following conditions hold:

Pr(X>Y)=my, Pr(X<Y)=n,, Pr(X=Y)=nmp.



A simple way is to make both X and Y take only two values (0 and 1) with
appropriate probabilities.

We put all of the probability mass on exactly three outcomes for the pair (X,Y):
Pr(X=0,Y=0)=mar

Pr(X =1Y =0)=my
Pr(X=0Y =1)=m,

The marginal distributions of X and Y are

Pr (X 0) T + T, PI‘(X:].):’]TW
(Y:O) T + Tw, PI‘(YZI):T(L

or, in other words,
F ~ Ber(mw), G ~ Ber(ryg).

Does the variance of the estimator depend on the underlying distribu-
tions F' and G? Can be tested with data simulated from two normal
distributions (no ties).

5 Stratified win ratio

We use the definition given in [Don+18] and [Don+23].

We consider S strata, and define

e X©) and Y(®) as the random outcomes of two patients in stratum s, with
s=1,...,5.

. T,ES) = Elpr(X®), Y )], k = 1,2, as the probabilities of the events X (%)
Y and Y = X&) respectively.

Consider two stratified samples Xl(l), . ,anlzl) ey X{S), e X(S()S> and
Yl(l), e ,Y;}% yeee ,YI(S), ey Yéi)) with N = m() 4+ n(*) denoting the sample

size of stratum s.

Inside each stratum, an unbiased estimator of T,is) is given by:

77l( )

7 = S)n(S)ZZmX(S Y, k=12

i=1 j=1

The stratified estimator for 75, is defined as

S
A btrdt E



where

m) p(s) s
w® = — and W = Zw(s).
s=1

We define the startified estimators of A and ¥ as follows:

,f_istrat

722$trat

Astrat — ,ﬁstrat _ ,TA_Qstrat \I/strat —

and

5.1 Variance

The strata are independent, so the variances and covariance of the stratified
estimators 732" and WS"2t are

s
, , 1 2
ot = Var (7)) = E Z (w(s)) Var (fk(s)>
s=1

and

S
O_itzrat —_ COV (f_iqtrat’ %Strat) — % Z (w(‘i))2 COV (7:1 (S), 732(8))
s=1

where the components ¢55™" are estimated as in the unstratified case.

6 Clustered win ratio

In this section, we refer to both [LDO05] and [ZJ21]. However, since [ZJ21]
contains errors, we adhere to [LDO05] while following the general development
outlined in [ZJ21].

Suppose we have p clusters in the treatment group, and q clusters in the control
group. The clustered observations are vectors

XO = (x" X0, r=1,..,p
YO =¥, v, s=1,....¢q

ng

where Xi(r) denote the endpoint of the i-th subject in the r-th treatment cluster,
and Yj(s) be the endpoint of the j-th subject in the s-th control cluster.

We make the following assumptions concerning the distribution:

e The vectors XU, ..., X® y® Y@ are independent.
e The components of a same vector are exchangeable.

e The one-dimensional marginal distributions of all components of the X-
vectors are identical and denoted by F' and similarly for the Y -vectors
where the one-dimensional marginal distributions are denoted by G.



We define the following clustered estimators

D q my Ns

A 1 T S
T DD DD BLTC AR DRI

r=1s=1i=1 j=1

where
1< 1<
mp:mer, and ﬁq:ons.
p r=1 q s=1

According to [LDO05], each of %,21“St, k = 1,2 are asymptotically normal with

mean 7 and variance U,Ccl,;m given by

1
oghst :pm2 (mp Var(¢k1(X£1))) + 77_%1(72) COV(d’kl(Xfl))’ ¢k1(X2(1))))

p

" q% (71g Var(ra (7)) + 12 Cov(ora (), dra (V"))

q

where , .
mg) = - Z(mr - mr) and nz(12) = Z(ns - ns)a
r=1 s=1
and
¢511(X) = E(¢1(X,Y) | X) - T = PT(X =Y | X) —T1,
¢12(Y) = E(¢1(X, Y) | Y) —T1 = PI‘(X =Y | Y) —T1,
¢21(X) = E(¢2(X,Y) | X) —7179=Pr(X <Y | X) — To,
$22(Y) = E(¢2(X,Y) | V) =2 =Pr(X <Y |Y) — 7.
Covariance

We use the following kernel decomposition

Or(z,y) =T+ dr1(x) + dr2(y) + xi(z,y)

where the terms on the right hand side are defined by

p1(X)=E@ (X, V)| X)—-n =Pr(X »-Y | X) -1,
p12(Y) = E((X,Y)|Y)—-m =Pr(X =Y |Y) -7,
$21(X) = E(¢2(X,Y) | X) =2 =Pr(X <Y [ X) — 7,
$22(Y) = E(o(X,)Y) |Y) =T =Pr(X <Y |Y) — 1,

10



~ clu::t 3

The esimator 7 can be rewritten as

p My
Felust — 4 ZZQbM(Xi(T) +7ZZ¢1@2 Y(
Pop=1i=1 s=1j=1
1 p q ( )
- X s
where o
X =30 (X
i=1 j=1
Let define the following quantities
p mg, p q
Ay, ::ZZ(;SM(XZ@), B, —ZZ@Q ), Tk ZZZZX;(;’S)
r=11i=1 s=1j=1 r=1s=1
and
i = Cov(pra (X1Y), on (X))
1 = Cov(em (X{V), én (X))
5= Cov(ra(MM), dia(v{))
8= Cov(pra (YY), oia(¥3 )
il = Covlu (X{V, V), (XY, vi))
b = Covu (X1, V), (X1, v4))
st = Cov(x (XY, V), xa(x P, vY))
Wgé = COV(Xk (Xl(l)a Yl(l))7 Xl(X2(1)a }/2(1)))

Using the same arguments as those used in the proof of Proposition 1 in [LD05],
we have
COV(Ak, Bl) = 0, COV(Ak.,Fl) = 0, COV(Bk, Fl) = 0,

fork=1,2and [ =1,2.

Thus, the covariance of the estimators 7 ACI““ expands as
1
Cov(7flust elusty — Cov(Ag, A1) + —— Cov(By, B;)
(pmy)? (g7q)?
+— COV(Fk, Fl)
(pgmypng)?

3Details of the development:

Mp Ng

ZZZZ¢ X0y

r=1s=14i=1j=

my Tgq

p
= Z ZZZ (Tk +¢k1(X( )) + ¢k2(Y( )) +Xk(X(r) Y(S)))

P q
—pqmpankJrqanZaﬁk (X + prmy szz )+ 305 XY

r=11i= s=1j= r=1s=1

11



Since the vectors X ("), r =1,..., p are independent, we have

Cov(Ax, A)) = ZCOV Z¢k1 Z o ( X(r)

= Z Z Cov(gra (X7), o (X))

r=11i=1
P my my

+3°3" 3 Covlgr (X7, en (X))

r=11i=14=1
i #i
=p (man + m(Q)C )

where

Similarly, we obtain

Cov(Bi, Bi) = q (ng¢hi +n{ c3})

where
14
ﬁ((f) == Z(ng — ng).
qs:l
The quantities X,(C ) are all independent, and thus
P g
Cov(T,Iy) ZZCOV x,(f S),Xl(r S))
r=1s=1

where

Cov(x,, (r, S) TS) ii % Z COV Xk X( ") Y(s)) l(Xi(,T),Yj(,S)))

i=1 j=114i=1j5'=1

The terms in the sum in the right hand side of the previous equation can be
treated in 4 different cases:

e There are m, n, indices such that

Cov(u(X™ Y1) (X7, v(D) = it
o There are m, ns (ns — 1) indices such that

Covxr (X7, ), (X, v)) = k.
o There are m, ns (m, — 1) indices such that

Covxi(X{7, Y, (XD, Y,*)) = it

12



o There are m, ns (m, — 1) (ns — 1) indices such that

Cova (X YN xa(x (v ) = b

i

Thus, the covariance Cov(I', ;) can be expressed as

Cov(I'y, 1) = pyq (mp Mg 111 + My T ( Iy + m(2) Mg 51 + m(2) n(2) kl)

Finally, putting everything together, the covariance of the estimators Tglu“ is

~clus ~clus 1 —
Cov(#gst, 771%) = — (man + m(Q)C ) (nqC + HEQ)Q%)
bpmy

_(2 2 _2_2
+1<n’fi +n§)m +m§))77’“+ ”@”}%)

- - 2 2 2
pq \ mpng mp Ny mp g (1M Tg)
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A Estimation of &V

To estimate the value 19, we estimate Pr(X = Y, X = Y’) with

m n

Pr(X = VX = V) = s ZZZI{X>YJ,X>Y,}
=1 j= 1J—1
J'#i

Using that

Lixsyvixsyy = xsvylixeyy and 135y = Lixeyy,

the multiple sum can be rewritten as

n n

m
> > Lixmv, Xomv,)
i=1j

i=1 j=1 j'=1
3’

Iix, >—Y}(Z Lixi-v,y — Lix, >—Y})

1j5=1 ]’_1

PIRTETRTY SETRI pEry
j=1

1 j’'=1

(]
™=

15



