
1 Relationship between the increase of favorable
outcomes proportion and the win ratio

Let X and Y be Bernoulli random variables representing outcomes in the treat-
ment and control groups, respectively. Here,

X = 1 (favorable outcome) and X = 0 (unfavorable outcome),

and likewise for Y .

Suppose there is a difference δ in the probability of a favorable outcome for the
treatment group compared to the control group, formally defined by

δ = Pr(X = 1)− Pr(Y = 1).

We wish to understand how this difference δ relates to the following measures:

• The proportion in favor of the treatment, defined as

∆ = Pr(X > Y )− Pr(Y > X).

• The win ratio, given by
Ψ =

Pr(X > Y )

Pr(Y > X)
,

where, for Bernoulli variables, X > Y means X = 1 and Y = 0.

We now seek to establish the relationship between δ and the metrics ∆ and Ψ.

For two Bernoulli variables X,Y ∈ {0, 1}, the event X > Y happens exactly
when X = 1 and Y = 0. Similarly, Y > X happens if Y = 1 and X = 0. Thus,

Pr(X > Y ) = Pr(X = 1, Y = 0) = pX(1− pY ),

and
Pr(Y > X) = Pr(Y = 1, X = 0) = pY (1− pX),

where
pX = Pr(X = 1) and pY = Pr(Y = 1).

Therefore, the proportion in favor of treatment is given by

∆ = pX(1− pY )− pY (1− pX) = pX − pY = δ

Thus, ∆ and δ are actually the same metric.

The win ratio is given by

Ψ =
Pr(X > Y )

Pr(Y > X)
=

pX (1− pY )

pY (1− pX)
.

From
δ = Pr(X = 1)− Pr(Y = 1)
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Figure 1: Relationship between the win ratio and the proportion in favor of
treatment for different values of pY (baseline probability of a favorable outcome).

we deduce that
pX = pY + δ.

Substituting pX in the expression for Ψ, we obtain

Ψ =
(pY + δ)(1− pY )

pY (1− pY − δ)
= 1 +

δ

pY (1− pY − δ)
.

An illustration of the relationship between δ and Ψ is given in Figure 1.

Using the probability of a tie

Since Pr(X > Y ) + Pr(Y > X) + Pr(Y = X) = 1, we have

Ψ =
Pr(X > Y )

Pr(Y > X)
=

2 Pr(X > Y )

2 Pr(Y > X)
=

1− Pr(X = Y ) + ∆

1− Pr(X = Y )−∆

and thus
Ψ =

1− ptie +∆

1− ptie −∆
and ∆ =

Ψ− 1

Ψ + 1
(1− ptie),

where
ptie = Pr(X = Y ).

2 Variance of the win ratio estimator

In this section, we first follow the developement presented in [BL16].
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2.1 Asymtotic distribution of the win ratio

Let X and Y be the outcomes of two patients, one in the treatment, and one in
the control group, respectively.

We define the following kernel functions:

ϕ1(X,Y ) = 1{X≻Y } and ϕ2(X,Y ) = 1{Y≻X}

where A ≻ B means that A wins over B.

The probabilities of the events X ≻ Y and Y ≻ X are given by:

τk = E[ϕk(X,Y )], k = 1, 2.

We want to test the null hypothesis of no difference between the two treatments:

H0 : τ1 = τ2.

There are two statistics that can be used to test this hypothesis:

• The proportion in favor of treatment ∆̂ with expected value ∆ = τ1 − τ2.

• The win ratio Ψ̂ with expected value Ψ = τ1/τ2.

Consider two samples X1, . . . Xm and Y1, . . . Yn and N = m + n denotes the
total sample size.

An unbiased estimator for τk can be obtained using the U -statistic:

τ̂k =
1

nm

m∑
i=1

n∑
j=1

ϕk(Xi, Yj), k = 1, 2.

Inference regarding ∆ and Ψ will be based on the joint distribution of τ̂1 and
τ̂2.

The joint distribution of τ̂ = (τ̂1, τ̂2) is asymptotically normal:
√
N (τ̂ − τ) ∼ N (0,Σ),

where τ = (τ1, τ2) and Σ =

(
σ11 σ12

σ21 σ22

)

2.2 Distribution of the proportion in favor of treatment
and of win ratio

We have:
(τ̂1 − τ̂2) ∼ N (∆, (σ11 + σ22 − 2σ12)/N),

and (using the delta method):

log(τ̂1/τ̂2) ∼ N (log(Ψ), (τ−2
1 σ11 + τ−2

2 σ22 − 2 (τ1τ2)
−1σ12)/N).
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2.3 Variance-covariance matrix

The covariance of two U-statistics is given by:

Cov(τ̂k, τ̂l) = Cov

 1

mn

m∑
i=1

n∑
j=1

ϕk(Xi, Yj),
1

mn

m∑
i′=1

n∑
j′=1

ϕl(Xi′ , Yj′)

 .

Expanding the covariance:

Cov(τ̂k, τ̂l) =
1

m2n2

m∑
i=1

n∑
j=1

m∑
i′=1

n∑
j′=1

Cov(ϕk(Xi, Yj), ϕl(Xi′ , Yj′)).

We consider four different cases for the indices (i, j) and (i′, j′):

• Case 1: Same X, Same Y (i.e., i = i′ and j = j′)
We define the covariance between the two kernel functions as:

ξkl11 := Cov(ϕk(X1, Y1), ϕl(X1, Y1)).

Since we have mn total pairs, this case contributes:

mnξkl11.

• Case 2: Same X, Different Y (i.e., i = i′, but j ̸= j′)
This means we are comparing the same subject from Group 1 with two
different subjects from Group 2:

ξkl10 := Cov(ϕk(X1, Y1), ϕl(X1, Y
′
1)).

Since there are m choices for i and n(n − 1) choices for j ̸= j′, this case
contributes:

mn (n− 1) ξkl10.

• Case 3: Same Y , Different X (i.e., j = j′, but i ̸= i′)
Here, we compare two different subjects from Group 1 with the same
subject from Group 2:

ξkl01 := Cov(ϕk(X1, Y1), ϕl(X
′
1, Y1)).

Since there are n choices for j and m(m − 1) choices for i ̸= i′, this case
contributes:

nm (m− 1) ξkl01.

• Case 4: Different X, Different Y (i.e., i ̸= i′ and j ̸= j′) Since X1, X
′
1

and Y1, Y
′
1 are independent, the covariance in this case is zero:

Cov(ϕk(X1, Y1), ϕl(X
′
1, Y

′
1)) = 0.

Thus, this case does not contribute to the total covariance.
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Summing all contributions, we get:

Cov(τ̂k, τ̂l) =
1

m2n2

[
mnξkl11 +mn (n− 1)ξkl10 +mn (m− 1)ξkl01

]
.

Approximating m− 1 ≈ m and n− 1 ≈ n for large samples:

Cov(τ̂k, τ̂l) ≈
1

mn
ξkl11 +

1

m
ξkl10 +

1

n
ξkl01.

For large sample, the 1
mnξ

kl
11 term is negligeable compared to the two others,

and can be ignored.

Finally, we get:
σkl =

N

m
ξkl10 +

N

n
ξkl01.

The terms ξkl10 and ξkl01 can be simplified to:

ξ1110 = Pr(X1 ≻ Y1, X1 ≻ Y ′
1)− τ21

ξ2210 = Pr(X1 ≺ Y1, X1 ≺ Y ′
1)− τ22

ξ1210 = Pr(X1 ≻ Y1, X1 ≺ Y ′
1)− τ1τ2

ξ1101 = Pr(X1 ≻ Y1, X
′
1 ≻ Y1)− τ21

ξ2201 = Pr(X1 ≺ Y1, X
′
1 ≺ Y1)− τ22

ξ1201 = Pr(X1 ≻ Y1, X
′
1 ≺ Y1)− τ1τ2

2.4 Estimation of the Variance-covariance matrix

The preceding probabilities can be estimated from the data:

s
(k)
i =

n∑
j=1

ϕk(Xi, Yj), t
(k)
j =

m∑
i=1

ϕk(Xi, Yj)

ξ̂1110 =

∑m
i s

(1)
i (s

(1)
i − 1)

mn(n− 1)
− τ̂21

ξ̂2210 =

∑m
i s

(2)
i (s

(2)
i − 1)

mn(n− 1)
− τ̂22

ξ̂1210 =

∑m
i s

(1)
i s

(2)
i

mn(n− 1)
− τ̂1τ̂2

ξ̂1101 =

∑n
j t

(1)
j (t

(1)
j − 1)

mn(m− 1)
− τ̂21

ξ̂2201 =

∑n
j t

(2)
j (t

(2)
j − 1)

mn(m− 1)
− τ̂22

ξ̂1201 =

∑n
j t

(1)
j t

(2)
j

mn(m− 1)
− τ̂1τ̂2
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2.5 Estimation of the variance under the null hypothesis

The same developement is made in [Don+16]. The formulas (5c)-(5e) correspond
to the calculation of σ11. However, the estimation of the variance components
(formulas (8a)-(8c)) use the estimate of the win probability τ under the null
hypothesis (constrained estimator). Their estimator θ̂K0 of the win probability
is equal to (τ̂1 + τ̂2)/2. When the estimated win ratio is far from the null
hypothesis, the confidence interval calculated with this estimator of the variance
do not have the correct coverage.

The R package WINS implements the estimator of the variance described in
[Don+16]

See [LR22] section 14.4.2 for more details on the use of the unconstrained
estimator.

2.6 Estimation of the variance according to Yu and Ganju

A straightforward estimation of the variance is given in [YG22] for power calcu-
lation:

Var(log(Ψ̂)) ≈ 1

N

4 (1 + ptie)

3 k (1− k)(1− ptie)

where ptie = 1−τ1−τ2 is the probability of ties and k is the proprtion of patient
allocated to one of the two groups.

This is equivalent to:

Var(log(Ψ̂)) ≈ 4 (m+ n)(2− τ1 − τ2)

3mn (τ1 + τ2)

This method has the advantage of being very simple. However, the variance
estimation seems to be larger1from those presented in [BL16] and [Don+16].

The PASS Sample Size Software from NCSS2and the R package WRestimates
implement both this method to estimate the variance.

3 Sample size

The variance estimators presented in [BL16] and [Don+16] are based on sample
data and are not useable for sample size calculation.

We use [YG22] to estimate the sample size:

N ≈ σ2(z1−α + z1−β)
2

log2(Ψtrue)
,

where
1TO DO: simulations
2See PASS documentation, Chapter 352, Tests for Two Groups using the Win-Ratio Com-

posite Endpoint.
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Figure 2: Total sample size for different values of Ψ (win ratio) and ptie (prob-
ability of tie). Calcutaion based on formula (2) in [YG22].

• Ψtrue refers to the assumed or true value of the win ratio.

• The term σ2 is given by

σ2 =
4 (1 + ptie)

3 k (1− k)(1− ptie)

• k is the proportion of patients allocated to one of the two groups (it does
not matter which one, as we use k (1− k) in the above formula).

• The probability of tie is given by ptie = 1− τ1 − τ2

The PASS Sample Size Software from NCSS and the R package WRestimates
implement both this method for power calculation.

Sample size calculation is given Figure 2.

After discussion with the team about the parameters used for the sample size
calculation, the power will be estimated based on simulations.

Another sample size formula is presented in [MKM22]. The latter requires more
hypotheses on the parmaters and is less straightforward to use.

A sample size formula for the win odds (which closely related to the win ratio)
has been presented in [Gas+21] and compared to the one of [YG22] in [GKK22].

4 Simulate a population with a given win ratio

Let πW , πL, and πT be given probabilities satisfying πW +πL+πT = 1. We wish
to define two probability distributions F and G for random variables X ∼ F
and Y ∼ G, respectively, so that the following conditions hold:

Pr(X > Y ) = πW , Pr(X < Y ) = πL, Pr(X = Y ) = πT .
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A simple way is to make both X and Y take only two values (0 and 1) with
appropriate probabilities.

We put all of the probability mass on exactly three outcomes for the pair (X,Y ):

Pr(X = 0, Y = 0) = πT

Pr(X = 1, Y = 0) = πW

Pr(X = 0, Y = 1) = πL

The marginal distributions of X and Y are

Pr(X = 0) = πT + πL, Pr(X = 1) = πW

Pr(Y = 0) = πT + πW , Pr(Y = 1) = πL

or, in other words,
F ∼ Ber(πW ), G ∼ Ber(πL).

Does the variance of the estimator depend on the underlying distribu-
tions F and G? Can be tested with data simulated from two normal
distributions (no ties).

5 Stratified win ratio

We use the definition given in [Don+18] and [Don+23].

We consider S strata, and define

• X(s) and Y (s) as the random outcomes of two patients in stratum s, with
s = 1, . . . , S.

• τ
(s)
k = E[ϕk(X

(s), Y (s))], k = 1, 2, as the probabilities of the events X(s) ≻
Y (s) and Y (s) ≻ X(s), respectively.

Consider two stratified samples X
(1)
1 , . . . , X

(1)

m(1) , . . . , X
(S)
1 , . . . , X

(S)

m(S) and
Y

(1)
1 , . . . , Y

(1)

n(1) , . . . , Y
(S)
1 , . . . , Y

(S)

n(S) with N (s) = m(s) + n(s) denoting the sample
size of stratum s.

Inside each stratum, an unbiased estimator of τ (s)k is given by:

τ̂
(s)
k =

1

m(s) n(s)

m(s)∑
i=1

n(s)∑
j=1

ϕk(X
(s)
i , Y

(s)
j ), k = 1, 2,

The stratified estimator for τk is defined as

τ̂ strat
k =

1

W

S∑
s=1

w(s)τ̂k
(s)
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where

w(s) =
m(s) n(s)

N (s)
and W =

S∑
s=1

w(s).

We define the startified estimators of ∆ and Ψ as follows:

∆̂strat = τ̂ strat
1 − τ̂ strat

2 and Ψ̂strat =
τ̂ strat
1

τ̂ strat
2

.

5.1 Variance

The strata are independent, so the variances and covariance of the stratified
estimators τ̂ strat

k and Ψ̂strat are

σstrat
kk = Var

(
τ̂ strat
k

)
=

1

W 2

S∑
s=1

(
w(s)

)2
Var

(
τ̂k

(s)
)

and

σstrat
12 = Cov

(
τ̂ strat
1 , τ̂ strat

2

)
=

1

W 2

S∑
s=1

(
w(s)

)2
Cov

(
τ̂1

(s), τ̂2
(s)
)

where the components σstrat
kl are estimated as in the unstratified case.

6 Clustered win ratio

In this section, we refer to both [LD05] and [ZJ21]. However, since [ZJ21]
contains errors, we adhere to [LD05] while following the general development
outlined in [ZJ21].

Suppose we have p clusters in the treatment group, and q clusters in the control
group. The clustered observations are vectors

X(r) = (X
(r)
1 , . . . , X(r)

mr
), r = 1, . . . , p

Y (s) = (Y
(s)
1 , . . . , Y (s)

ns
), s = 1, . . . , q

where X
(r)
i denote the endpoint of the i-th subject in the r-th treatment cluster,

and Y
(s)
j be the endpoint of the j-th subject in the s-th control cluster.

We make the following assumptions concerning the distribution:

• The vectors X(1), . . . ,X(p),Y (1), . . . ,Y (q) are independent.

• The components of a same vector are exchangeable.

• The one-dimensional marginal distributions of all components of the X-
vectors are identical and denoted by F and similarly for the Y -vectors
where the one-dimensional marginal distributions are denoted by G.
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We define the following clustered estimators

τ̂ clust
k =

1

p q m̄p n̄q

p∑
r=1

q∑
s=1

mr∑
i=1

ns∑
j=1

ϕk(X
(r)
i , Y

(s)
j ), k = 1, 2

where

m̄p =
1

p

p∑
r=1

mr, and n̄q =
1

q

q∑
s=1

ns.

According to [LD05], each of τ̂ clust
k , k = 1, 2 are asymptotically normal with

mean τk and variance σclust
kk given by

σclust
kk =

1

p m̄2
p

(
m̄p Var(ϕk1(X

(1)
1 )) + m̄(2)

p Cov(ϕk1(X
(1)
1 ), ϕk1(X

(1)
2 ))

)
+

1

q n̄2
q

(
n̄q Var(ϕk2(Y

(1)
1 )) + n̄(2)

q Cov(ϕk2(Y
(1)
1 ), ϕk2(Y

(1)
2 ))

)
where

m̄(2)
p =

1

p

p∑
r=1

(m2
r −mr) and n̄(2)

q =
1

q

q∑
s=1

(n2
s − ns),

and

ϕ11(X) = E(ϕ1(X,Y ) | X)− τ1 = Pr(X ≻ Y | X)− τ1,

ϕ12(Y ) = E(ϕ1(X,Y ) | Y )− τ1 = Pr(X ≻ Y | Y )− τ1,

ϕ21(X) = E(ϕ2(X,Y ) | X)− τ2 = Pr(X ≺ Y | X)− τ2,

ϕ22(Y ) = E(ϕ2(X,Y ) | Y )− τ2 = Pr(X ≺ Y | Y )− τ2.

Covariance

We use the following kernel decomposition

ϕk(x, y) = τ + ϕk1(x) + ϕk2(y) + χk(x, y)

where the terms on the right hand side are defined by

ϕ11(X) = E(ϕ1(X,Y ) | X)− τ1 = Pr(X ≻ Y | X)− τ1,

ϕ12(Y ) = E(ϕ1(X,Y ) | Y )− τ1 = Pr(X ≻ Y | Y )− τ1,

ϕ21(X) = E(ϕ2(X,Y ) | X)− τ2 = Pr(X ≺ Y | X)− τ2,

ϕ22(Y ) = E(ϕ2(X,Y ) | Y )− τ2 = Pr(X ≺ Y | Y )− τ2,

χk(x, y) = ϕk(x, y)− ϕk1(x)− ϕk2(y)− τk.
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The esimator τ̂ clust
k can be rewritten as3

τ̂ clust
k = τk +

1

p m̄p

p∑
r=1

m̄p∑
i=1

ϕk1(X
(r)
i ) +

1

q n̄q

q∑
s=1

n̄q∑
j=1

ϕk2(Y
(s)
j )

+
1

p q m̄p n̄q

p∑
r=1

q∑
s=1

χ
(r,s)
k

where

χ
(r,s)
k =

mr∑
i=1

ns∑
j=1

χk(X
(r)
i , Y

(s)
j )

Let define the following quantities

Ak :=

p∑
r=1

mr∑
i=1

ϕk1(X
(r)
i ), Bk :=

q∑
s=1

ns∑
j=1

ϕk2(Y
(s)
j ), Γk :=

p∑
r=1

q∑
s=1

χ
(r,s)
k

and

ζkl11 := Cov(ϕk1(X
(1)
1 ), ϕl1(X

(1)
1 ))

ζkl12 := Cov(ϕk1(X
(1)
1 ), ϕl1(X

(1)
2 ))

ζkl21 := Cov(ϕk2(Y
(1)
1 ), ϕl2(Y

(1)
1 ))

ζkl22 := Cov(ϕk2(Y
(1)
1 ), ϕl2(Y

(1)
2 ))

ηkl11 := Cov(χk(X
(1)
1 , Y

(1)
1 ), χl(X

(1)
1 , Y

(1)
1 ))

ηkl12 := Cov(χk(X
(1)
1 , Y

(1)
1 ), χl(X

(1)
1 , Y

(1)
2 ))

ηkl21 := Cov(χk(X
(1)
1 , Y

(1)
1 ), χl(X

(1)
2 , Y

(1)
1 ))

ηkl22 := Cov(χk(X
(1)
1 , Y

(1)
1 ), χl(X

(1)
2 , Y

(1)
2 ))

Using the same arguments as those used in the proof of Proposition 1 in [LD05],
we have

Cov(Ak, Bl) = 0, Cov(Ak,Γl) = 0, Cov(Bk,Γl) = 0,

for k = 1, 2 and l = 1, 2.

Thus, the covariance of the estimators τ̂ clust
k expands as

Cov(τ̂ clust
k , τ̂ clust

l ) =
1

(p m̄p)2
Cov(Ak, Al) +

1

(q n̄q)2
Cov(Bk, Bl)

+
1

(p q m̄p n̄q)2
Cov(Γk,Γl)

3Details of the development:
p∑

r=1

q∑
s=1

mp∑
i=1

nq∑
j=1

ϕk(X
(r)
i , Y

(s)
j )

=

p∑
r=1

q∑
s=1

mr∑
i=1

nq∑
j=1

(
τk + ϕk1(X

(r)
i ) + ϕk2(Y

(s)
j ) + χk(X

(r)
i , Y

(s)
j )

)

= p q m̄p n̄qτk + q n̄q

p∑
r=1

mp∑
i=1

ϕk1(X
(r)
i ) + p m̄p

q∑
s=1

nq∑
j=1

ϕk2(Y
(s)
j ) +

p∑
r=1

q∑
s=1

χ
(r,s)
k
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Since the vectors X(r), r = 1, . . . , p are independent, we have

Cov(Ak, Al) =

p∑
r=1

Cov
(mr∑
i=1

ϕk1(X
(r)
i ),

mr∑
i′=1

ϕl1(X
(r)
i′ )
)

=

p∑
r=1

mr∑
i=1

Cov(ϕk1(X
(r)
i ), ϕl1(X

(r)
i ))

+

p∑
r=1

mr∑
i=1

mr∑
i′=1
i′ ̸=i

Cov(ϕk1(X
(r)
i ), ϕl1(X

(r)
i′ ))

= p
(
m̄pζ

kl
11 + m̄(2)

p ζkl12

)
where

m̄(2)
p :=

1

p

p∑
r=1

(m2
r −mr).

Similarly, we obtain

Cov(Bk, Bl) = q
(
n̄qζ

kl
21 + n̄(2)

q ζkl22

)
where

n̄(2)
q :=

1

q

q∑
s=1

(n2
s − ns).

The quantities χ
(r,s)
k are all independent, and thus

Cov(Γk,Γl) =

p∑
r=1

q∑
s=1

Cov(χ(r,s)
k ,χ

(r,s)
l )

where

Cov(χ(r,s)
k ,χ

(r,s)
l ) =

mr∑
i=1

ns∑
j=1

mr∑
i′=1

ns∑
j′=1

Cov
(
χk(X

(r)
i , Y

(s)
j ), χl(X

(r)
i′ , Y

(s)
j′ )

)
The terms in the sum in the right hand side of the previous equation can be
treated in 4 different cases:

• There are mr ns indices such that

Cov(χk(X
(r)
i , Y

(s)
j ), χl(X

(r)
i , Y

(s)
j )) = ηkl11.

• There are mr ns (ns − 1) indices such that

Cov(χk(X
(r)
i , Y

(s)
j ), χl(X

(r)
i , Y

(s)
j′ )) = ηkl12.

• There are mr ns (mr − 1) indices such that

Cov(χk(X
(r)
i , Y

(s)
j ), χl(X

(r)
i′ , Y

(s)
j )) = ηkl21.
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• There are mr ns (mr − 1) (ns − 1) indices such that

Cov(χk(X
(r)
i , Y

(s)
j ), χl(X

(r)
i′ , Y

(s)
j′ )) = ηkl22.

Thus, the covariance Cov(Γk,Γl) can be expressed as

Cov(Γk,Γl) = p q
(
m̄p n̄q η

kl
11 + m̄p n̄

(2)
q ηkl12 + m̄(2)

p n̄q η
kl
21 + m̄(2)

p n̄(2)
q ηkl22

)
Finally, putting everything together, the covariance of the estimators τ̂ clust

k is

Cov(τ̂ clust
k , τ̂ clust

l ) =
1

p m̄2
p

(
m̄pζ

kl
11 + m̄(2)

p ζkl12

)
+

1

q n̄2
q

(
n̄qζ

kl
21 + n̄(2)

q ζkl22

)
+

1

p q

(
ηkl11

m̄p n̄q
+

n̄
(2)
q ηkl12
m̄p n̄2

q

+
m̄

(2)
p ηkl21
m̄2

p n̄q
+

m̄
(2)
p n̄

(2)
q ηkl22

(m̄p n̄q)2

)
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A Estimation of ξkl··

To estimate the value ξ1011 , we estimate Pr(X ≻ Y,X ≻ Y ′) with

P̂r(X ≻ Y,X ≻ Y ′) =
1

mn (n− 1)

m∑
i=1

n∑
j=1

n∑
j′=1
j′ ̸=j

1{Xi≻Yj ,Xi≻Yj′}

Using that

1{X≻Y,X≻Y ′} = 1{X≻Y }1{X≻Y ′} and 12{X≻Y } = 1{X≻Y },

the multiple sum can be rewritten as
m∑
i=1

n∑
j=1

n∑
j′=1
j′ ̸=j

1{Xi≻Yj ,Xi≻Yj′}

=

m∑
i=1

n∑
j=1

1{Xi≻Yj}

n∑
j′=1
j′ ̸=j

1{Xi≻Yj′}

=

m∑
i=1

n∑
j=1

1{Xi≻Yj}

( n∑
j′=1

1{Xi≻Yj′} − 1{Xi≻Yj}

)
=

m∑
i=1

( n∑
j=1

1{Xi≻Yj}

n∑
j′=1

1{Xi≻Yj′} −
n∑

j=1

1{Xi≻Yj}

)
=

m∑
i=1

((
s
(1)
i

)2 − s
(1)
i

)
=

m∑
i=1

s
(1)
i

(
s
(1)
i − 1

)
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